The motion of a uniform chain has been used to exemplify systems with variable mass. The discussion is usually confined to the dynamical aspects of the problem or to other derivations that use energy-conserving methods. Here this type of problem is re-examined by considering the chain as a closed one-dimensional motion, showing that the concept of centre of mass can be particularly useful in this kind of multi-particle system. It is similarly instructive to analyse the work-energy processes from the viewpoint of the first law of thermodynamics.
Introduction
A unified view of modern mechanics that emphasizes the link between mechanics and thermodynamics has recently been advocated by several authors [1] [2] [3] . The difficulties involved in such a procedure have been the object of recent publications, dealing mainly with physical situations inherent to energy balances in the presence of friction forces [2] [3] [4] . The problem can, however, be addressed to real (deformed) multi-particle systems in general.
The purpose of this paper is to illustrate this question using the motion of a chain of the open-link type in different situations, as shown in figures 1 and 2.
The general treatment of nonrigid systems, such as rockets, ropes, chains or conveyor belts, is presented in most general physics texts as an illustration of the impulse-momentum theorem or conservation of linear momentum [5] . More sophisticated approaches applied to open systems, i.e. systems for which there exists an influx or efflux of mass, have also been addressed by other authors [6, 7] .
We also notice that the discussion is usually confined to the dynamical aspects of the problem or to other calculations using conservation of energy methods [7, 8] .
Here we will use an alternative viewpoint as the framework to discuss the dynamical aspects that do not require the separation of the system into two parts. In fact, the method we propose uses the concept of the centre of mass of the system, the mass of which is chosen to be constant. In these conditions, the question of the applicability of F ext = Ma cm or F ext = dP /dt is absent a priori, once both of them are equivalent. The more delicate question of variable mass systems can then be discussed a posteriori, i.e., after the solution of the problem by the proposed methodology or by other standard approaches.
The method used is also suitable to be generalized to the analysis of energetic processes, that requires articulation with the first law of thermodynamics.
General method
Newton's law and complementary dynamical relationship. For closed systems Newton's second law states that the net external force applied to the centre of mass is equal to the mass times the acceleration of the centre of mass
This equation must be used when we deal with an extended system rather than a single particle.
As the total momentum of the system can be defined by P = i m i v i = Mv cm , one can also use
instead of (1). We note that this kind of property is not shared by the kinetic energy of the system which is, in general, i
Mv 2 cm . The integration of both sides of (1) with respect to the position of the centre of mass gives the corresponding change in the kinetic energy of the centre of mass
The integral in the last equation depends on the actual path taken between the initial and the final position of the centre of mass, and so it is a path or line integral.
As the kinetic energy of the centre of mass is part of the total kinetic energy, we must be careful to identify the first member of the last equation with the operational definition of work. In order to emphasize this important point, the term pseudowork-energy equation [9] or centre of mass equation [10] , have been suggested for this relationship. Actually, although it is important to obtain the translation kinetic energy, the concept of centre of mass does not replace the real system. In other words, as long as the left-hand side of (3) is not a quantity of work or energy in the thermodynamical sense, this equation remains a correct dynamical relation, although it cannot be interpreted as an energy relation.
Newton's law for variable mass systems. In general, for open systems, i.e. systems where the mass is no longer constant, both (1) and (2) are incorrect. In fact, if momentum is gained from or lost to the surroundings, Newton's equation of motion must be re-analysed. For the present purposes this equation may be expressed in the form
where dM/dt is the rate at which mass enters the system with velocity u, i.e. the principal part of the system (whose instantaneous mass is M), while moving at velocity v p , accumulates at the rate dM/dt. This equation, which follows directly from the impulse-momentum theorem [5] , shows that the rate of change in the momentum is equal to the acting force plus the rate at which the momentum is carried into or away from the system. This allows interpretation of the term = u(dM/dt) as the momentum flux or the rate at which momentum enters the system. One could also define, as Tiersten [6] does, a fixed volume τ , from which particles may leave or enter, and consider a relation that is equivalent to (4), where = −u(dM/dt) is the momentum flux out of τ .
The introduction of the relative velocity, v rel = u − v p , enables us to rewrite (4) in the form
showing that dv p /dt is the acceleration of the principal part of the system.
Most physical instructors consider (5) to be a useful starting point for the treatment of the rocket problem [5] . With this in mind, the last term on the right-hand side of (5) is called the thrust force, R.
Work and the first law of thermodynamics. When an external force acts on the system through its boundary, actual work must be calculated by the integral of the scalar product of the force and the displacement of the point of application of that force.
If work is the only energy transferred to the system, the first law of thermodynamics reads
where E is the total energy (kinetic, potential, internal) of the system.
Applications
A chain can provide several interesting settings for discussing the role of the centre of mass and its motion, bearing in mind that the centre of mass velocity is not the same as that for all the particles on the system. It will be assumed that the chain is of the open-link type so that each link acquires its velocity abruptly from its rest condition or vice versa. Two examples have been chosen to emphasize the idea about work as a transfer of energy to a defined system from the surroundings, as stated by the first law of thermodynamics. The common feature of the two examples is a significant change in the configurational energy associated with the deformation of the system. The increase of the thermal internal energy of the chain is related to an increase in the temperature of the chain after inelastic collisions among the links of the chain.
Example 1.
A chain of length l and mass per unit length λ is suspended just above a table. The chain is released from the rest at the top. We analyse the following aspects.
• The force that the table exerts on the chain after the original fixed top has fallen a distance x.
• The variation in the thermal internal energy of the system. Dynamical effects. A careful geometry construction allows one to obtain the position of the centre of mass after the chain has dropped a distance x. As illustrated in figure 1 , the x axis has its origin at height l and points towards the table.
As the configuration at time t shows, the chain can be composed by two portions as follows:
(i) the suspended part with length (l −x), mass λ(l −x) and centre of mass position (l −x)/2; and (ii) the remaining part of the chain at rest on the table, at x = l and with mass λx.
As long as the chain has fallen a height x (see figure 1) , the suspended part has instantaneous speed v (all the moving particles have the same velocity). The fall takes place with uniform acceleration g, leading to the familiar equation of motion for a freely falling body
We treat the chain as a one-dimensional system, ignoring the small horizontal motion. The centre of mass position can then be found from (i) and (ii) as follows:
with the differential given by
The acceleration of the centre of mass can also be obtained from (8) and (7), allowing for
Newton's second law applied to the chain as a whole (closed system) is given by (1) . As the net external force includes not only the total weight of the chain λgl, but also the total force by the table N(x) , we obtain
showing that the total force by the table on the chain is
At this point students are confronted with the following other important features of the problem.
• Showing that other, more standard methods could be used, e.g. (2) .
• Checking the validity of (1) or (2) when only one of portions (i) or (ii) of the chain, i.e. when a variable mass system, is considered separately.
The first question is easily answered using (2) with either P = λlv cm , where v cm is easily calculated from (8), or P = λ(l − x)v, where v is the velocity of the falling chain. This is an important pedagogic aspect since it calls attention to the fact that the velocity (acceleration) of the part of the system does not coincide with the velocity (acceleration) of the centre of mass of the system.
We notice that v can be calculated from (7). For example, since dv/dt = v dv/dx, (7) can be rewritten as v dv −g dx = 0. Solving this equation one immediately obtains (x 0 = v 0 = 0): v 2 = 2gx. Now let us consider the second aspect, choosing the variable mass system with mass M = λx (principal part), which is at rest on the table.
For this stationary part of the system, (10) allows us to obtain
showing that Newton's second law must be re-analysed for variable mass systems. The following two suggested interpretations can then be considered bearing in mind the result expressed in (11).
(1) During the interval dt, a mass dM = λv dt enters into the variable mass system, with velocity v along the x axis, and carries the momentum λv 2 dt = 2λgx dt at the rate 2λgx. This quantity can be identified with the momentum flux into the principal part of the variable mass system [6] . These conclusions are consistent with (4). In fact, writing (4) in the form d(Mv p )/dt = F ext + , and bearing in mind that v p = 0, we easily conclude that = −F ext = 2λgx. (2) Alternatively, (5) can be written as F net = Ma p , with
analogy with the thrust force in the rocket problem [5] , that R(x) is a force-like term. As in the present situation v p = 0 and u = v, we conclude that R(x) = v(dM/dt) = λv 2 = 2λgx, allowing, together with (11), for F net = 0, as it should be, once a p = 0.
After this analysis the general considerations concerning variable mass systems can be more clearly understood by students.
Energetic effects. The changes occurring in the system can be analysed using (3) and the first law of thermodynamics (6) . However, as stated in section 2, only the last one of these equations allows for energetic balances.
Choosing the isolated system 'chain + table + Earth', the first law of thermodynamics reads
where E m = K cm + U defines the macroscopic mechanical energy and U ther is the microscopic kinetic energy. By applying the pseudowork-energy equation (3) we can obtain the change in kinetic energy of the centre of mass of the chain
One of the integrals of the last equation represents the work done by the gravitational force on the falling chain during the displacement of the centre of mass from the initial position l/2 to x cm . Thus, it can be shifted to the right-hand side of the same equation in the form of change in potential energy (W = − U ):
This procedure allows us to obtain the variation of mechanical energy directly from (13) and (14)
where we have used (9) for dx cm . On integration one attains
We notice that the normal force N(x) performs no work since its point of application does not move, allowing, however, the calculation of the change in mechanical energy (see (15)).
The thermal internal energy change can then be calculated using (12) as follows:
For the total motion of the chain, one easily obtains the net result
As expected, the increase in internal energy corresponds to the mechanical energy lost during the inelastic collisions.
Example 2.
The top end of a chain of length l and mass per unit length λ, which is piled on a horizontal table, is lifted vertically with a constant velocity v by a variable force F (see figure 2 ).
• Find F as a function of the height x of the end above the table.
• Also calculate the variation in the thermal internal energy.
Dynamical effects. This second instructive example is shown in figure 2 . For convenience, we now choose a reference system with the x axis pointing upwards with the origin at the table. The lifting begins at t = 0 and at the instant t the height of the end above the table is x.
So far as the position of the centre of mass is concerned, proceeding as in the first sample, we find
with the differential
The acceleration of the centre of mass can then be obtained in terms of velocity v
Bearing in mind the net external force (gravitational force: −λgl, total force by the table: λg(l −x) and F (x)), applied to the centre of mass, (1) then allows us to obtain F (x) as follows:
Energetic effects. In order to obtain the variation in the thermal energy one again uses the first law of thermodynamics (6) . Choosing the system 'chain + table + Earth', this equation now reads
where the work of the force F (x) is calculated by its operational definition, allowing for
According to the previous example, the mechanical energy change can be calculated by using the pseudowork-energy equation (3) . In fact, we now have
Then, from (3) we obtain successively,
where we have shifted the potential energy change to the right-hand side of the pseudoworkenergy equation. Consequently, the last equation allows for
Performing the integration we obtain
which, together with (18), allows for the thermal energy change
This example of a nonisolated system enhances: (i) the difference between the work of a force applied through the boundaries of the nonrigid system, and the work of the centre of mass of the same force, in which calculation of the centre of mass displacement is considered; (ii) the concept of work as a quantity of energy transferred to the system in accordance with the first law of thermodynamics.
Conclusion
Both the framework presented and the examples chosen have been discussed with university students studying to be secondary school teachers. The solutions and their interpretation reveal several interesting features and suggests some conclusions as follows.
• These kinds of applications motivate the analysis of multi-particle forms of Newton's second law and the role of the centre of mass of the whole system. This provides a productive complement for understanding this important law, showing that care must be taken in precisely defining the system to which the second law is applied.
• Using a multiple solution approach to the problem reveals some positive effects. To start with, it is certainly advisable to deal with a fixed set of particles for which there is no distinction between (1) and (2) . After the resolution of the problem by this methodology, different perspectives can be introduced using more standard methods, e.g. the conservation of linear momentum, giving further insight into the problem. The question of the validity of Newton's second law, for variable mass systems, can then be analysed a posteriori, using the results presented by the previous methods, thereby developing an overview of the topic under study.
• The methodology used is also important for clarifying the concept of work. On applying the first law of thermodynamics we notice the importance of defining a system whenever the concept of work is involved. In this way we take into account two crucial aspects for a correct definition of work: (i) a transference of energy; and (ii) an integral of the scalar products of the forces and their corresponding displacements at the locations where the forces are applied. Without such a procedure, it is impossible to give a correct description of the connection between mechanical and thermal internal energy changes.
